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Abstrat
The spontaneous generation of the hromomagneti eld at high temperature is investigated
in a lattie formulation of the SU(2)-gluodynamis. The proedure of studying this phenomenon
is developed. The Monte Carlo simulations of the free energy on the latties 2× 83, 2× 163 and
4× 83 at various temperatures are arried out. The reation of the eld is indiated by means of
the χ2-analysis of the data set aumulating 5-10 millions MC ongurations. A omparison with
the results of other approahes is done.
1 Introdution
Among interesting problems of modern osmology the origin of large-sale magneti elds is intensively
attaked nowadays. Various mehanisms of the eld generation at dierent stages of the universe
evolution were proposed [1℄. Basially they are grounded on the idea of Fermi, Chandrasekhar and
Zel'dovih that to have the present day galaxy magneti elds of order ∼ 1µG orrelated on a sale
∼ 1Mp seed magneti elds must be present in the early universe. These elds had been frozen in a
osmi plasma and then amplied by some of the mehanisms of the eld ampliation. One of the
ways to produe seed elds is a spontaneous vauum magnetization at high temperature T [2, 3, 4, 5℄.
Atually, this is an extension of the Savvidy model for the QCD vauum [6℄, proposed already at
T = 0 and desribing the reation of the Abelian hromomagneti elds due to a vauum polarization,
in ase of nonzero temperature. At zero temperature this eld onguration is unstable beause of
the tahyoni mode in the gluon spetrum. At T 6= 0, the possibility of having strong temperature-
dependent and stable magneti elds was disovered [4℄. The eld stabilization is ensured by the
temperature and eld dependent gluon magneti mass.
Another related eld of interest is the deonnement phase of QCD. As it was realized reently,
this is not the gas of free quarks and gluons, but a ompliate interating system of them. This
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2was disovered at RHIC experiments [7℄ and observed in either perturbative [4, 8℄ or nonperturbative
[9℄ investigations of the vauum state with magneti elds at high temperature. In Refs. [4, 8℄
the spontaneous reation of the hromomagneti elds of order gB ∼ g4T 2 was observed in SU(2)-
and SU(3)-gluodynamis within the one-loop plus daisy resummation aounted for. In Ref. [9℄ the
hromomagneti ondensate of same order was obtained in stohasti QCD vauum model and method
of dimensional redution by omparison with lattie data. In Refs. [10℄ the response of the vauum
to the inuene of strong external elds at dierent temperatures has been investigated and it was
shown that the onnement is restored by inreasing the strength of the applied eld. These results
stimulated the present investigation.
We are going to determine the spontaneous reation of magneti elds in lattie simulations of
SU(2)-gluodynamis. In ontrast to the problems in the external eld, in the ase of interest the eld
strength is a dynamial variable whih values at dierent temperatures have to be determined by means
of the minimization of the free energy. This proedure is not a simple one as in ontinuum beause
the eld strength on a lattie is quantized. To deal with this peuliarity, we onsider magneti uxes
on a lattie as the main objets to be investigated. The uxes take ontinuous values, and therefore
the minimization of the free energy in presene of magneti eld an be fullled in a usual way. These
speulations serve as an explanation of the strategy of our alulations.
One of the methods to introdue a magneti ux on a lattie is to use the twisted boundary
onditions (t.b..) [11℄. In this approah the ux is a ontinuous quantity. So, in what follows we
onsider the free energy F (ϕ) with the magneti ux ϕ on a lattie in the SU(2)-gluodynamis and
alulate its values at dierent temperatures by means of Monte Carlo (MC) simulations. We will
show that the global minimum of F (ϕ) is loated at some non-zero value ϕmin dependent on the
temperature. It means the spontaneous reation of the temperature-dependent magneti elds in the
deonnement phase.
The paper is organized as follows. In set. 2 some neessary information about the magneti
uxes on a lattie is addued. In set. 3 the alulation details and the results are given. Setion 4 is
devoted to disussion.
2 Magneti elds on a lattie
In perturbation theory, the value of the marosopi (lassial) magneti eld generated inside a system
is determined by the minimization of the free energy funtional. The interation with the lassial
eld is introdued by splitting the gauge eld potential in two parts: Aµ = A¯µ + A
R
µ , where A
R
µ
desribes a radiation eld and A¯µ = (0, 0, Hx
1, 0) orresponds to the onstant magneti eld direted
along the third axis. However, on a lattie, the diret detetion of the spontaneously generated eld
strength by straightforward analysis of the ongurations, whih are produed in the MC simulations,
seems to be problemati. Therefore, it is reasonable to follow the approah used in the ontinuum
3eld theory.
First, let us write down the free energy density,
F (ϕ) = − log
Z(ϕ)
Z(0)
, (1)
Z(ϕ) =
∫
[DU(ϕ)] exp{−S(U(ϕ))}. (2)
Here, Z(ϕ) and Z(0) are the partition funtion at nite and zero magneti uxes, respetively; the
link variable U is the lattie analogue of the potential Aµ.
The free energy density relates to the eetive ation as follows,
F (ϕ) = S¯(ϕ)− S¯(0), (3)
where S¯(ϕ) and S¯(0) are the eetive lattie ations with and without magneti eld, orrespondingly.
To detet the spontaneous reation of the eld it is neessary to show that the free energy density
has the global minimum at a non-zero magneti ux, ϕmin 6= 0.
In what follows, we use the hyperubi lattie Lt × L
3
s (Lt < Ls) with the hypertorus geometry;
Lt and Ls are the temporal and the spatial sizes of the lattie, respetively. In the limit of Ls → ∞
the temporal size Lt is related to physial temperature. The one-plaquette ation of the SU(2) lattie
gauge theory an be written as
SW = β
∑
x
∑
µ>ν
[
1−
1
2
Tr Uµν(x)
]
; (4)
Uµν(x) = Uµ(x)Uν (x+ aµˆ)U
†
µ(x+ aνˆ)U
†
ν (x), (5)
where β = 4/g2 is the lattie oupling onstant, g is the bare oupling, Uµ(x) is the link variable
loated on the link leaving the lattie site x in the µ diretion, Uµν(x) is the ordered produt of the
link variables.
The eetive ation S¯ in (3) is the Wilson ation averaged over the Boltzmann ongurations,
produed in the MC simulations.
The lattie variable Uµ(x) an be deomposed in terms of the unity, I, and Pauli, σj , matries in
the olor spae,
Uµ(x) = IU
0
µ(x) + iσjU
j
µ(x) =

 U0µ(x) + iU3µ(x) U2µ(x) + iU1µ(x)
−U2µ(x) + iU
1
µ(x) U
0
µ(x)− iU
3
µ(x)

 . (6)
The four omponents U jµ(x) are subjeted to the normalization ondition
∑
j U
j
µ(x)U
j
µ(x) = 1. Hene,
only three omponents are independent.
Sine the spontaneously generated magneti eld is to be the Abelian one, the Abelian parametriza-
tion of the lattie variables is used to introdue the magneti eld,
Uµ(x) =

 cosφµ(x)eiθµ(x) sinφµ(x)eiχµ(x)
− sinφµ(x)e
−iχµ(x) cosφµ(x)e
−iθµ(x)

 , (7)
4Figure 1: The plaquette presentation of the twisted boundary onditions.
where the angular variables are hanged in the following ranges θ, χ ∈ [−pi; +pi), φ ∈ [0;pi/2).
The Abelian part of the lattie variables is represented by the diagonal omponents of the matrix
and the ondensate Abelian magneti eld inuenes the eld θµ(x), only.
The seond important task is to inorporate the magneti ux in this formalism. The most natural
way was proposed by 't Hooft [11℄. In his approah, the onstant homogeneous external ux ϕ in the
third spatial diretion an be introdued by applying the following t.b..:
Uµ(Lt, x1, x2, x3) = Uµ(0, x1, x2, x3), (8)
Uµ(x0, Ls, x2, x3) = Uµ(x0, 0, x2, x3),
Uµ(x0, x1, Ls, x3) = e
iϕUµ(x0, x1, 0, x3),
Uµ(x0, x1, x2, Ls) = Uµ(x0, x1, x2, 0).
It ould be seen, the edge links in all diretions are identied as usual periodi boundary onditions
exept for the links in the seond spatial diretion, for whih the additional phase ϕ is added (Fig. 1).
In the ontinuum limit, suh t.b.. settle the magneti eld with the potential Aµ(x) = (0, 0, Hx
1, 0).
The magneti ux ϕ is measured in angular units and an take a value from 0 to 2pi.
The lattie variables (in the Abelian parametrization) in the presene of the magneti ux ϕ are
Uµ(x) =

 cosφµ(x)ei(θµ(x)+ϕµ(x)) sinφµ(x)eiχµ(x)
− sinφµ(x)e
−iχµ(x) cosφµ(x)e
−i(θµ(x)+ϕµ(x))

 , (9)
where ϕµ(x) = ϕ for the edge links at x = (x0, x1, Ls, x3) with µ = 2 and ϕµ(x) = 0 for other links.
The total ux through the plane spanned by the plaquettes p, whih aets the edge links at
x = (x0, x1, Ls, x3) with µ = 2, is
gΦ =
∑
p∈plane
(θp + ϕ), (10)
θp = θµν(x) = θµ(x) + θν(x+ aµˆ)− θµ(x+ aνˆ)− θν(x). (11)
5Eq. (10) is the lattie analogue of the ux in the ontinuum:
Φc =
∫
S
d2σµνFµν . (12)
In this approah the variable ϕ desribes a ux through the whole lattie plane, not just through an
elementary plaquette.
The t.b.. for the omponents (9),
U0µ(x) = cos(θµ(x) + ϕµ(x)) cosφµ(x), (13)
U1µ(x) = sinφµ(x) cosχµ(x),
U2µ(x) = sinφµ(x) sinχµ(x),
U3µ(x) = sin(θµ(x) + ϕµ(x)) cos φµ(x),
read
U0µ(x) =
{
U0µ(x) cosϕ− U
3
µ(x) sinϕ for x = {x0, x1, Ls, x3} and µ = 2,
U0µ(x) for other links,
(14)
U3µ(x) =
{
U0µ(x) sinϕ+ U
3
µ(x) cosϕ for x = {x0, x1, Ls, x3} and µ = 2,
U3µ(x) for other links.
(15)
The relations (14) and (15) have been implemented into the kernel of the MC proedure in order
to produe the ongurations with the magneti ux ϕ. In this ase the ux ϕ is aounted for in
obtaining a Boltzmann ensemble at eah MC iteration.
3 Desription of simulations and data ts
The MC simulations are arried out by means of the heat bath method. The latties 2 × 83, 2× 163
and 4 × 83 at β = 3.0, 5.0 are onsidered. These values of the oupling onstant orrespond to
the deonnement phase and perturbative regime. To thermalize the system, 200-500 iterations are
fullled. At eah working iteration, the plaquette value (5) is averaged over the whole lattie leading to
the Wilson ation (4). Then the eetive ation is alulated by averaging over the 1000-5000 working
iterations. By setting a set of magneti uxes ϕ in the MC simulations we obtain the orresponding
set of values of the eetive ation. The value of the ondensed magneti ux ϕmin is obtained as the
result of the minimization of the free energy density (3).
The spontaneous generation of magneti eld is the eet of order ∼ g4 [4℄. The results of MC
simulations show the omparably large dispersion. So, the large amount of the MC data is olleted
and the standard χ2-method for the analysis of data is applied to determine the eet. We onsider
the results of the MC simulations as observed experimental data.
The eetive ation depends smoothly on the ux ϕ in the region ϕ ∼ 0. Therefore, the free energy
density an be tted by the quadrati funtion of the ux ϕ,
F (ϕ) = Fmin + b(ϕ− ϕmin)
2. (16)
6This hoie is motivated also by the results obtained already in ontinuum eld theory [13℄ where
it was determined that free energy has a global minimum at ϕ 6= 0. The parametrization (16) is the
most reasonable in this ase. It is based on the eetive ation aounting for the one-loop plus daisy
diagrams [13℄,
F (H) =
H2
2
+
11
48
g2
pi2
H2 log
T 2
µ2
−
1
3
(gH)3/2T
pi
−
1
12
Tr [Π00(0)]
3/2 , (17)
having g2 and (g2)3/2 orders in oupling onstant. Here, H is eld strength (ux ϕ ∼ H), T is the
temperature, µ is the normalization point, Π00(0) is the zerozero omponent of the gluon polarazation
operator alulated in the external eld at the nite temperature and taken at zero momentum. The
value of β = 3, whih was used, orresponds to a deep perturbation regime. So, a omparison with
perturbation results is reasonable. The systemati errors in tting funtion (16) ould ome from not
taking into aount the high-order diagrams in (17). However, as it is well known [15℄, the lak of an
expansion parameter at nite temperature starts from the three-loop diagram ontributions that is
of g6 order and ould not remove an eet derived in g2 and g3 orders. As the nite-size eets are
onerned, in the present investigation we just made alulations for two latties 2×83 and 2×163 and
have derived the same results for the ϕmin (as it will be seen below). A more detailed investigation
of this issue requires muh more omputer resoures, whih were limited.
There are 3 unknown parameters, Fmin, b and ϕmin in Eq.(16). The parameter ϕmin denotes
the minimum position of the free energy, whereas the Fmin and b are the free energy density at the
minimum and the urvature of the free energy funtion, orrespondingly.
The value ϕmin is obtained as the result of the minimization of the χ
2
-funtion
χ2(Fmin, b, ϕmin) =
∑
i
(Fmin + b(ϕi − ϕmin)
2 − F (ϕi))
2
D(F (ϕi))
, (18)
where ϕi is the array of the set uxes and D(F (ϕi)) is the data dispersion. It an be obtained by
olleting the data into the bins (as a funtion of ux),
D(F (ϕi)) =
∑
i∈bin
(F (ϕi)− Fˆbin)
2
nbin − 1
, (19)
where nbin is the number of points in the onsidered bin, Fˆbin is the mean value of free energy density
in the onsidered bin. As it is determined in the data analysis, the dispersion is independent of the
magneti ux values ϕ. The deviation of ϕmin from zero indiates the presene of spontaneously
generated eld.
The t results are given in the Table 1. As one an see, ϕmin demonstrates the 2σ-deviation from
zero. The dependene of ϕmin on the temperature is also in aordane with the results known in
perturbation theory: the inrease in temperature results in the inrease of the eld strength [4℄.
The ts for the latties 2×83 and 2×163 at β = 3.0 are shown in Fig. 2. The maximum-likelihood
estimate of F (ϕ) by the whole data set is shown as the solid urve. In addition, all ϕ values are
7Figure 2: χ2-t of the free energy density on lattie 2 × 83 (left gure) and 2 × 163 (right gure)
for β = 3.0 (grey regions desribe the ϕmin = 0.019
+0.013
−0.012 and ϕmin = 0.0069
+0.0022
−0.0057 , at the 95% C.L.,
orrespondingly).
divided into 15 bins. The mean values and the 95% ondene intervals are presented as points for
eah bin. The rst 9 bins ontain about 600-2000 points per bin. The large number of points in the
bins allow to nd the free energy F with the auray whih substantively exeeds the dispersion,√
D(F (ϕi)) ∼ 10
−4
. It makes possible to detet the eet of interest. As it is also seen, the maximum-
likelihood estimate of F (ϕ) is in a good aordane with the bins pointed, beause the solid line is
loated in the 95% ondene intervals of all bins.
The 95% C.L. area of the parameters Fmin (b for the right gure) and ϕmin is represented in
Fig. 3. The blak ross marks the position of the maximum-likelihood values of Fmin (b for the right
gure) and ϕmin. It an be seen that the ux is positive determined. The 95% C.L. area beomes
more symmetri with the enter at the Fmin, b and ϕmin when the statistis is inreasing. This also
onrms the results of the tting.
4 Disussion
The main onlusion from the results obtained is that the spontaneously reated temperature-depen-
dent hromomagneti eld is present in the deonnement phase of QCD. This supports the results
derived already in the ontinuum quantum eld theory [4, 12℄ and in lattie data analysis [9℄.
Let us rst disuss the stability of the magneti eld at high temperature. It was observed in Refs.
Table 1: The values of the generated uxes ϕmin for dierent latties (at the 95% C.L.).
2× 83 2× 163 4× 83
β = 3.0 0.019+0.013−0.012 0.0069
+0.0022
−0.0057 0.005
+0.005
−0.003
β = 5.0 0.020+0.011−0.010
8Figure 3: The 95% C.L. area for the parameters Fmin and ϕmin, determining the free energy density
dependene on the ux ϕmin on lattie 2 × 8
3
for β = 3.0 (left gure). The 95% C.L. area for the
parameters Fmin and b , determining the free energy density dependene on the ux ϕmin on lattie
2× 163 for β = 3.0 (right gure).
[4, 12℄ that the stabilization happens due to the gluon magneti mass alulated from the one-loop
polarization operator in the eld at temperature. This mass has the order m2magn ∼ g
2(gH)1/2T ∼
g4T 2 as it should be beause the hromomagneti eld is of order (gH)1/2 ∼ g2T [4℄. The stabilization
is a nontrivial fat that, in priniple, ould be hanged when the higher order Feynman diagrams to
be aounted for. Now we see that the stabilization of the eld really takes plae.
Our approah based on the joining of alulation of the free energy funtional and the onsequent
statistial analysis of its minimum positions at various temperatures and ux values. This overomes
the diulties peuliar to the desription of the eld on a lattie. Here we mean that the eld strength
on a lattie is quantized and therefore a nontrivial tuning of the oupling onstant, temperature and
eld strength values has to be done in order to determine the spontaneously reated magneti eld.
We also would like to note that in the present paper the ux dependene on temperature remains
not investigated in details. This is beause of the small lattie size onsidered. That restrits the
number of points permissible to study. However, at this stage we have determined the eet of
interest as a whole. Even at the small lattie, one needs to take into onsideration thousands points of
free energy (that orresponds to an analysis of 5-10 millions MC ongurations for dierent latties) to
determine the ux value ϕmin at the 95% C.L. In ase of larger latties this number and orresponding
omputer resoures should be inreased onsiderably. This problem is left for the future.
As we mentioned in Setion 2, the nite-size eets have not been investigated in detail. However,
these eets are important near the phase transition temperature. They make diult to distinguish
a rst-order phase transition from a seond-order one. In our ase, the temperature is far from Tc.
The fat that external eld penetrates the Coulomb phase is well known [10, 16℄, so the only really
new thing is that this eld is spontaneously reated. It was rst observed in ontinuum [4℄, where
the eld strength of order g4 in oupling onstant was established. Finite-size eets are not able to
9remove this result. The values ϕmin obtained on the latties 2× 8
3
and 2× 163 (see the Table 1) are
in a good agrement with eah other, within the statistial errors at 95% C.L.
One ould speulate that the lattie sizes 2 × 83 and 2 × 163 are not suient. However, these
lattie sizes were used in the Refs. [17℄. The main aim of present paper is to show a possibility of
spontaneous generation of hromomagneti eld at high temperature in lattie simulation, whih was
investigated already by perturbative methods [4, 8℄.
It is interesting to ompare our results with that of in Ref. [10℄ where the response of the vauum
on the external eld was investigated. These authors have observed in lattie simulations for the
SU(2)- and SU(3)-gluodynamis that the external eld is ompletely sreened by the vauum at low
temperatures, as it should be in the onnement phase. With the temperature inrease, the eld
penetrates into the vauum and, moreover, inrease in temperature results in existing more strong
external elds in the vauum. On the other hand, inrease in the applied external eld strength leads
to the dereasing of the deonnement temperature. These interesting properties are losely related
to the studies in the present work. Atually, we have also investigated the vauum properties as an
external eld problem when the eld is desribed in terms of uxes. This was the rst step of the
alulations. The next step was the statistial analysis of the minimum position of free energy, in
order to determine the spontaneous reation of the eld. In fat, at the rst step we reprodued the
results of Refs. [10℄ (in terms of uxes).
Note that the present investigations also orrespond to the ase of the early universe. They support
our previous results on the magneti eld generation in the standard model [13℄ and in the minimal
supersymmetri standard model [14℄. As it was disussed by Pollok [5℄, the eld generated by this
mehanism at the Plank era might serve as a seed eld to produe the present day magneti elds
in galaxies.
We would like to onlude with the note that the deonnement phase of gauge theories is a very
interesting objet to study. The temperature dependent magneti elds, whih are present in this
state, inuene various proesses that should be taken into onsideration to have an adequate onept
about them.
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